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ABSTRACT 
Every set of six points in general position in space admits a partition into two sets of three points 
each such that the circles determined by these triples are embracing. It also has a partition into two 
triples that are vertices of embracing triangles. 
INTRODUCTION 
In a recent paper ([5], problem 48) W. Moser resurrected a problem that was 
posed by L. Moser around 1963 and which was formulated as follows: 
“Can every set of six points in general position in space (not coplanar, no 
four cocyclic, not all cospheric, etc.) be partitioned into two sets of three 
points each, so that the circles determined by the triples are interlocked? 
Same question with “circles” replaced by “triangles”.” 
We shall give an affirmative answer to both problems and indicate some 
generalizations. A survey paper on related results and problems is given by 
Eckhoff ([l]). 
1. FIVE POINTS IN SPACE 
LEMMA I. (A special case of Radon’s theorem). Let Ai (1 d is 5) be five points 
in 3-space, no four being coplanar. Then 
either there is a point Ai that is interior point of the convex hull of the re- 
maining four points 
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or there is a pair {A&} whose convex hull intersects the convex hull of the 
remaining three points in a unique point. 
PROOF. Let Ai be given by the vector ai (1 I is 5). The non-coplanarity of the 
4-tuples implies that all 4 x 4 subdeterminants of the matrix 
all 
i 
a21 a31 a41 a51 
al2 a22 a32 a42 a52 
al3 a23 a33 a43 a53 
1 1 1 1 1 
are non-zero, so that the system of linear equations 
[ 
;i, b!i=o, i;, A=0 
1 
has a one dimensional set of solutions 4 E IT? that can be written as 
where r is some fixed element of (IR \ {O})5. 
Without loss of generality we consider two cases 
(a) One component of y, yi say, is negative and the other components are 
positive. Choosing t = yr’ we find that aj is a convex combination of the 
remaining vectors. 
(b) Two components of y, yi and yj say, are negative and the remaining three 
components yk, y/, ym are positive. Now we choose 
and conclude that a (unique) convex combination of {aj,cj} and a (unique) 
convex combination of {ak, al, a,} coincide. Cl 
COROLLARY 1. Given five points Ai (1 sis5) in 3-space, no four being 
coplanar, there exists a line AiAj that contains an interior point of triangle 
. . &4,& (I, j, k, 1, m drstmct). 
2.THECIRCLEPROBLEM 
THEOREM 2. Every set {B,, . . . . B6} of six points in 3-space, no four collinear, 
no four cocyclic, not all coplanar, not all cospheric, can be partitioned into two 
sets of three point- Tach so that the circles/lines determined by these triples are 
embracing. 
PROOF. We can choose one of the points Bi to be not on the sphere/plane 
determined by any of the 4-tuples from the remaining five points. Call this 
point Be. Since our assertion is inversion-invariant when we consider the one- 
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point compactification of the 3-space (i.e. the 4-sphere) we apply inversion with 
respect to this point Be and obtain as images five points Ai (1 I i 5 5) no four 
being coplanar. Hence, by Corollary 1 there is a line AiAj intersecting triangle 
AkAIAm and therefore circular disc A&& ({i, j, k, I, m} = (1, 2, 3, 4, 5)). 
Applying inversion we conclude that circle/line BiBjBe and circle/line BkB,B, 
are embracing. 0 
3.THETRIANGLEPROBLEM 
THEOREM 3. Every set of six points Aj (15 ir 6) in 3-space, no four being 
coplanar, can be partitioned into two sets of three points each, such that the 
two triangles determined by these triples are embracing. 
PROOF. Let Ai be given by the vector ai (1 I is 6). 
As in Section 1 all 4 x 4 subdeterminants of the matrix 
021 a31 041 a51 a61 
a22 a32 a42 a52 a62 
a23 a33 a43 a53 a63 
1 1 1 1 1 
are non-zero, and therefore the system of linear equations 
has a two-dimensional space of solutions A E lR6. 
Observe that two components Ai and Aj of a solution 4 cannot be simul- 
taneously zero unless all components of 4 vanish! 
We are interested in the six special solutions in which one of the components 
Ai is zero. 
So let us have the two basic special solutions 
p=a l,P, Q, r, sh ;f2) = (- 1, 0, t, u, 0, w). 
All other solutions that we are looking for are linear combinations of these 
solutions and have a zero in some position. A way of analyzing these solutions 
is to introduce six two-dimensional vectors IJi (1 I is6) related to the basic 
special solutions by: 
~,=(01),~2=(~),V3=~).L?4=~)r US=(;), 06=(i). 
First of all, these vectors are pairwise linearly independent. 
Secondly, we find A@) = (det& I.J.J))$= r for the basic special solutions 
(i= 1,2). 
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Finally, it is a matter of verification to observe that all special solutions are 
given by 
&ci) = (det(ui, ok)):= 1 (i= 1, . . . ,6). 
Summarizing, in view of Lemma 1 we now have to study the sign distribution of 
det(v, ok) for six pairwise linearly independent vectors in the plane. 
Recall that det(pj, el) is positive if and only if TV/ is in the left half plane of Qj. 
Now for each of the twelve directions k ~JJ we indicate by two indices how many 
vectors I)~ are in its left and in its right half plane (cf. fig. 1). Since opposite 
directions vj and - vj get complementary indices there is a pair of adjacent 
directions that get indices (2,3) and (3,2), respectively. Let this situation occur 
for the adjacent directions dj and &. It is again a matter of verification that the 
distribution of the vectors Oi, vj, ok, 01, cm, 0, must be as sketched in fig. 1. 
Fig. 1. 
This determines the sign distribution of the determinants as follows: 
Ii j k 1 m n 
i 0 - - - + + 
j + 0 - - + + 
Hence, by Lemma 1 (case b) it follows that segment A,,,& intersects triangle 
AjAkAl and that segment AkAl intersects triangle AiA,A,. In other words: 
triangle AjAkA, and AiAmA, are embracing. 0 
246 
4. GENERALIZATIONS. FINAL REMARKS 
The following generalization of the triangle theorem to odd-dimensional 
spaces is evident when one uses the same method: 
THEOREM 4. Every set of (2n+2) points in (2n- 1)-space, no 2n in a hyper- 
plane, can be partitioned into two sets of (n + 1) points each, such that their 
convex hulls CI and CII have the following property: The boundary of C, has 
exactly one point in common with CII and the boundary of C,, has exactly one 
point in common with C,. 
For even-dimensional spaces we can also use the method of Section 3 to prove 
THEOREM 5. Every set of (2n + 3) points in (2n)-space, no (2n + 1) in a hyper- 
plane, has two disjoint (n + l)-subsets whose convex hulls have exactly one 
point in common. 
For n = 1 this theorem states that from five points in a plane, no three on a 
line, always four are the vertices of a convex quadrilateral. This is a special case 
of a theorem by Erdos and Szekeres (cf. [2], [3] p. 55, [4], [5] problem 29). 
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